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On Some Applications of Infinite-Dimensional Manifolds

To The Theory of Shape

T.A. Chapman1

1. Introduction.

In this paper we apply some recent results concerning the point-set
topology of infinite-dimensional manifolds to the concept of "shape',
as introduced by Borsuk in [5].

Let the Hilbert cube I be represented by H:= Ii’ where each Ii is the

1
closed interval [-1,1], and let s denote i Ig, where each

i=1
Ig is the open interval (-1,1). We let S denote the category whose
objects are compacta in s and whose morphisms are fundamental equivalence
classes of fundamental sequences (in Im) between these compacta. ( This

constitutes a subcategory of the fundamental category introduced in

fsj.) We let P denote the category whose objects are subsets of Im,

with complements in I” which are compacta in s, and whose morphisms

are weak proper homotopy classes of proper maps (see Section 2 for

a more precise definition).

The first result we establish enables us to translate problems concerning
the shape of compacta to problems concerning contractible open subsets

of I™.

Theorem 1. There is a category isomorphism T from P onto S such that

T(X) = I\ X, for each object X in P.

We also show that the shape of a compactum in s depends on (and deter-

mines) the homeomorphism type of its complement in I,

Theorem 2. If X and Y are compacta in s, then X and Y have the same

shape (i.e. Sh(X) = Sh(Y)) iff I\ X and I\ Y are homeomorphic
(=).

This result enables us to identify the fundamental absolute retracts

(abbreviated FAR) in s, as introduced in [6].

1. Supported in part by NSF grant GP 14429,



Theorem 3. If X <s

T AX 21 {point}.

We remark that as a
is the intersection
gives another proof
we will apply these

problems concerning

is a compactum, then X is a FAR iff

corollary of Theorem 3 we show that each FAR in s
of a decreasing sequence of Hilbert cubes, which
of the main result in [10]. 1In a separate paper
results to obtain some solutions to some concrete

FAR's [9].



2. General preliminaries.

Concerning the fundamental category S we will use the results and
notation from [5] and [6].

Concerning the proper category P we define a map (i.e. a continuous
function) f: X » Y to be proper iff for each compactum B ¢ Y there
exists a compactum A c X such that f(X\A) n B = @, (This is Jjust

a reformulation of the usual notion of a proper map.) Then maps

f, g X > Y are said to be weakly properly homotopic iff for each

compactum B © Y there exists a compactum A ¢ X and a homotopy
F = {Ft}: X x I~>Y (where I = [0,1]) such that Fy
and F((X\A) x I) n B =@. (If, in fact, there exists a proper map

=f9F1=g?

F: X x I -+ Y which satisfies FO = f and F1 = g, then we say that

f and g are properly homotopic.) We write f~ g to indicate that f and

g are weakly properly homotopic.

If f: X > Y and g: Y » X are proper maps such that fo g~ id, (the

Y
identity on Y), then we say that X weakly properly homotopically

dominates Y. If, additionally, g ° f ~ idy, then we say that X and Y
have the same weak proper homotopy type. If f: X -~ Y is a proper map,

then we use {f} to denote the class of proper maps of X into Y which
are weakly properly homotopic to f.

It is easy to see that ~ is an equivalence relation on the class of
proper maps from a space X to a space Y. It is also easy to see that
if f, f': X+ Y and g, g': X » ¥ are proper maps such that £~ f'

and g v g', then gef ~ g'ef', This verifies that the composition of
the equivalence classes {f} and {g} can be well defined by {g ° f}.
Thus we can define a category P whose objects are subsets of Im, with
complements in I” which are compacta in s, and whose morphisms are

weak proper homotopy equivalence classes of proper maps.



3. Infinite-dimensional preliminaries.

We will need the following definition, as introduced by Anderson in
t1]. A closed set K in a space X is said to be a Z-set in X iff for
each non-null, homotopically trivial open set U in X, UN\K is non-null
and homotopically trivial.From [1] we find that compacta in s are
Z-sets in s and I and compacta in Iw\ s are Z-sets in I . More
generally it is easy to see that if K is a Z-set in a space X and U
is open in X, then UN K is a Z-set in U.

We will need the notion of a @-manifold, which is a separable metric
space which has an open cover by sets homeomorphic to open subsets
of I°. In [2] it is shown that if X is a Q-manifold, then X x 2 X,
Thus for each Q-manifold X we have X £ X x [0,1]. The following

results on Q-manifolds are established in [8].

Lemma 3.1, If X is any Q-manifold, then there i

is a locally-compact
polyhedron P such that X x [0,1) £ P x I

1B

Lemma 3.2. If X is a Q-manifold, P is a locally-compact polyhedron, and

—— — | o ———————————rr —— —

¢ : P+ X is a closed embedding such that ¢(P) is a Z-set in X, then

there exists a closed embedding h : P x I" > X such that h(x,(0,0,...)) =
= ¢(x), for all x e Prand Ba(h(PxI")) = h(PxW ).

(For the representation I = Hz=1 Ii as given in Section 1 we use the
notation W' = {(xi) e T x, = 1} and W= {(Xi) € Im]x1 = -1}. We

also use Bd for the topological boundary operator.)

Let X and Y be spaces and let U be an open cover of Y. Then functions

f,g : X+~ Y are said to be U-close provided that for each x € X there exists
a U e U such that f(x), g(x) € U. A function F: X x I - Y is

said to be limited by U provided that for each x e X there exists

a U e U such that F({x}xI) < U.

If X is a metric space and K ¢ X is closed, then from [3] there exists an
open cover U of X\ K such that if h: X\ K - X\ K is any homeomorphism

which is U-close to idX\K’ then h can be

" . . s .
extended to a homeomorphism h: X - X which satisfies ﬁIK = 1d,. Such a

K
cover X\K will be called normal (with respect to K).

We will need the following mapping replacement result which appears

in [47.



Lemma 3.3. Let X be a Q-manifold, U be an open cover of X, A be a

closed subset of a locally-compact separable metric space Y, and let

f: ¥ >~ X be a proper map such that f|A is a homeomorphism of A onto

a Z-set in X. Then there exists an embedding g: Y - X such that

g(Y) is a Z-set, g|A = f|A, and g is U-close to f.

We will also need a version of this result for Q-manifolds which are

(0,1)-stable. The proof is given in [L].

Lemma 3.k, Let X be a Q-manifold which satisfies X = X x [0,1), A

be a closed subset of a locally-compact separable metric space Y, and

let f: Y > X be a map such that f|A is a homeomorphism of A onto a

Z-set in X. Then there exists an embedding g: Y -+ X such that g(Y)

is a Z-set in X, g|A = £|A, and g ~ f (i.e. g is homotopic to f).
(Note that if X is any Q-manifold, then

(xx[0,1)) = [0,1) = (¥x[0,11) x [0,1) = X x [0,1)).

The following homeomorphism extension theorem will be useful [L].

— et et ——— —— —

locally-compact separable metric space, and let f,g: A ~ X Dbe closed

embeddings such that f(A) and g(A) are Z-sets in X and such that

there exists a proper homotopy F: A x I -+ X which is limited by U

and which satisfies FO = f, F1 = g. Then there exists a homeomorphism

h: X -+ X which satisfies h o f

g and which is Sth(U)-close to id

%'
We now combine these results to prove the following lemma which

will be needed in Section 5.

Lemma 3.6, Let X and Y be Q-manifolds such that X = X x [0,1) and let

f: X > Y be any continuous function. Then there exists an open em-

bedding g: X -~ Y which satisfies g » T.

Proof. Let h: Y - Y x [0,1] be any homecomorphism. It is clear that
h o £ is homotopic to a continuous function f': X - Y x [0,1). Let
Yt = h_1(YX[O,1)) (which is an open subset of Y) and define

freo= h“1 o £', which is a continuous function of X into Y' which is

homotopic to f. Note also that Y' 2 Y x [0,1).



We know that X = P x IW, for some locally-compact polyhedron P. Thus
without loss of generality assume that X = P x . Using Lemma 3.L
there exists an embedding ¢: P x {(0,0,...)} - Y' such that

(P x {(0,0...)} is a Z-set and

6 v £'"'|P x {(0,0,...)}. Using Lemma 3.2 there exists an open

embedding g: P x (Im\W+) + Y' such that g(x,(0,0,...)) = ¢(x,(0,0,...)),
for all x € P. Let r: P x (1“\w+) + P x {(0,0,...)} be the retraction
which satisfies r(x,t) = (x%,(0,0,...)), for all (x,t) € P x (™\wh).
Then we observe that r idPX(I“\W*), We thus have

g = geid nv ger = ¢or v (£''|Px{(0,0,...)})er = f''er n f''eid = £'',

We will also need the following result.

Lemma 3.7. Let X be a Q-manifold and let K < X be a Z-set. Then there
2 U x [0,1).
Proof. From [7] it follows that there exists a homeomorphism

h: X - X x [0,1] such that h(K) ¢ X x {3}. Then U = h_1(XX[O,1))

exists an open set U < X such that K< U and U

fulfills our requirements.

A subset K of a space X is said to be bicollared provided that there
exists an open embedding h: K x (-1,1) > X such that h(x,0) = x, for
all x € K. We will need the following result, which appears in [11].

Lemma 3.8. Let f: T - I be an embedding such that £(1) is bicollared.

Then I \ £(I ) = A\UB, where A and B are disjoint sets such that
c1(a) N c1(B) = £(I") and CL(A) = C1(B) = I", where Cl denotes

closure.

(Note that £(I ) is a Z-set in each of C1(A) and C1(B)).



L. Proof of Theorem 1. We will need the following result in the proof

of Theorem 1.

Lemma L. 1. If Xc I°° is a Z-set, then there exists & homotopy F: I°° x I = Ioo

which satisfies the following properties.

(1) FO = id,

(2) for each open neighborhood U of X there exists at
thet F, [T \U = id, for 0 <t < t

e (0,1) such

1
19

(3) Ft(Im) NX=¢, for all t e (0,1].

Proof. Using Lemma 3.5 we can assume that X c W+. Then the construction
of F is straightforward.

We will use the notation F(X) to denote the class of homotopies

F: T x I~ I as described in Lemma k4.1.

We now construct an isomorphism T from P onto S. As indicated in

the statement of Theorem 1 we let T(X) = I \ X, for each X in P.

We now show how T assigns morphisms.
Let {f}: X > Y be a morphism in P, choose any F e F(I \X), and for

(o] (o]
e We show that f = {fk, T\x, T \v}

is a fundamental sequence. To see this let V c I be an open neighborhood

each integer k > 0 let fk = foF

of Im\ Y and use the fact that f is proper to choose an open neighborhood
Uc I of I'\X which satisfies £(U N X) c V. Now choose t, e (0,1)

such that Ft|Iw\ U=1id, for 0 < t i_t1' If k,1 are positive integers
such that /k, '/1 < t., then fk|U = foF, |Un £oF, [U (in V) = £ |U,

/k /1
as we wanted. Thus f is a fundamental sequence.

To see that f is uniquely defined in terms of F choose F' ¢ F(Iw\)ﬂ
and let f' = {foF%/k, T VX, T \Y} be similarly defined. We show

that £~ f', Let V ¢ I” be an open neighborhood of 1"\ Y and choose
U< I an open neighborhood of I \X satisfying £(U N X) c V. Choose
t, e (0,1) such that Ft|Iw\U = id and FélIm\U =1id, for 0 <t <t
If k¥ is a positive integer satisfying 1/k i_t1 we clearly have
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1

F. |U~ F'1 |U (in U), with the image of the homotopy possibly
/k /k
intersecting I"\X. If this is the case we cannot use f to transfer

|U to foF! |U.

this homotopy to one joining foF ]
/k /k

1



To remedy this let G: U x I - U be a homotopy which satisfies

Gy, =F, [U, G =F! |U, and let H: U x I > U be defined by

'k /x
= . = U = F! U d fo
He = F (q_y) ° Gy We note that H F1/k| . H, 1/kl , an r
0 <t < 1wehave H(U) =F ., . (C(U)) < Fi(1og)(U) s UNX.
Thus fOHt defines a homotopy which Jjoins fOF% IU. This means that
/k

£

This gives a means of assigning to each proper map f: X - Y (where
I°\Y and I\X are compacta in s) a fundamental sequence f from
I°\X to I \Y. In order to see that this assignment depends only on
the weak proper homotopy class of f assume that g: X + Y is proper

and f v g. We wish to show that if F e F(I'\X), f ={feF, I\X, I \Y},
g = {g ° F)/K s Iw\X, Im\Y}, o /k o
then £ v g. To see this let V ¢ I be an open neighborhood of I \Y

and choose a compact set A ¢ X and a homotopy G: X x I » Y such that
G, =T, G, =g, and G((UNX) x I) <V, where U = I"\A. Let t, e (0,1)

0
be chosen so that FtlIw\U =1d, for 0 <t < t. . Then for each positive

1
we find that G_ o F. |U gives a
t
/k
U (in V), as we

/k

integer X satisfying 1/k <t

1 1

homotopy (in V) which joins £ o F, |Uto g o F

1/k 1

needed.

Thus to each morphism {f} : X - Y in P we have shown how to assign
a unique morphism [£] : T \X + I°\Y in S, and we write T({f}) = [£l.
We now demonstrate that T is a functor and it is an isomorphism
from P onto S. To show that T(id) = id choose an object X in P and

Fe F(I'\X), and let £ = {F, , T \X, I \X}. We must show that fi,
/k

the identity fundamental sequence on IW\X. Choose an open set U

1

containing I \X and t e (0,1) such that Ft|Iw\U = 1id, for 0 < t < o

Clearly F, lu v~ id _|U (in U), for all positive integers k satisfying
/k I

T S

To show that T preserves compositions choose morphisms {f}: X -~ Y

and {g}: Y > Z in P and choose F ¢ F(IT"\X), G € F(I \Y). We must show

that {gefoF, IA\X, I'\z} n {geG, ofeF. I\X, T \Z}.
/x /k /x



Choose open neighborhoods U c I° of Im\X, Vel of Iw\Y, and We I
©
of I \Z such that f(UNX) < V and g(VNY) ¢ W. Also choose t, e (0,1)

such that F |IT\U = id and G_|I"\V = id, for 0 < t < t,. Then for
each positive k satisfying 1/k :_t1 we have gOG1 °f°F1 |U 2_g°f°F1 |u
(in W). /k /% /k

To show that T is an lsomorphism we show first that if {f}: X + Y and
{g}: X + Y are morphisms in P such that T({f}) = T({g}), then {f} = {g}.

Choose F ¢ F(I \X) and note that {eoF, I\X, T"\Y} o {geF, I\X,
. /x . /x
I \Y}. Choose B ¢ Y a compact set and put V = I \B. Then there exists
an open neighborhood U c 7 of Im\X and an integer n, > 0 such that
, implies that f°F1/ |u ~ g°F, |U (in V). We note first that
k /k

flun x ~ foF, lUNX (in V), for each k < n,. Similarly we have

/k
glun x » g°F, |UN X, hence £]UN X » g|UN X (in V).

/k
Choose an open neighborhood U' ¢ I of I \X such that C1(U') ¢ U and

k>n

use the above remarks to obtain a homotopy G:(CL(U')n X) x I - V which
satisfies G, = £|CL(U') N X and G, = g[CL(U') N X. Let A = (C1(U')nX) x I
U ((x\c1(U')) x {0,1}, which is a closed subset of X x I, and let

a: A > T be defined by of(CL(U')N X) x I = G, a(x,0) = £(x), and

a(x,1) = g(x), for all x € X\C1(U'). Extend o to a continuous function

8: X x I ~ I . Then for t ¢ I let Yy = Fy(1_y)°By- We see that

y: X x I > Y is a continuous function which satisfies Yo © f, Y, = &,

and y(Cc1(U') x I) < V.

This implies that £ ~ g.

Now choose a morphism [f]: X - Y in S. We must show that there exists

a morphism {f}: I \X + I"\Y in P such that T({f}) = (£1.

Using techniques like those used above we can choose a representative
f={f , X,Y} from the class [f] such that fk(Iw)n Y =@, for all k > 0.
Choose & sequence {U Yo of open sets in I~ such that X =f\:_

k k=1 =1
Ji > C1(U ), for all i > 0. Alsoc choose a sequence {Vi};;1 of open

U. and
1

is) - ) ®
subsets of I such that Y = rﬂi=1 Vi' We can pick a segquence {ni}i=1
o>f positive integers such that nyo<n, < .. and for each 1 > 0 and
£, 12> ., we have fk|Cl(Uni) g_fl]Cl(Uni) (in V. ).
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Let ¢, : I” > [0,1] be a continuous function such that ¢i(x) = 0, for

x e I°U , and ¢.(x) =1, for x e CL(U_ ). Let F': CL(U_ ) x I > V.
n. i n. n. i
1 . 1+1 1 1
be a homotopy such that Fr = f_ |CL(U_ ) and F. = f [C1(U_ ). Using
0 n. ni 1 n. Ly n.
tricks similar to those already employed we can additionally require
that Fl(Cl(Un ) x I)NY = @, for all i > 0. Then define f£: I \X -~ I \Y by

= 1 ® = 1 .
f(x) = fn1(x), for x e I \Un1, and f(x) F¢.(X), for x € Cl(Un.)\Un .

i i 1+1
It then follows that f is a proper map. It remains to be shown that

T({£}) = [£].

To see this choose F ¢ F(X) and note that T({f}) = [{f°F1 , X,Y}1.
' /k

Thus we must show that £ ~ {foF  ,X,Y}. If V is an open neighborhood

1/k

of Y, then we can choose i > 0 such that k, 1 > n. implies that

>
-1
£ lu ~f|u (in V) and such that 0 < t < | n. implies that
k n, — 1 n. - - i
Ft|I°°\Un = 1d. If we can show that k > n; implies that
i

£ |U ~ foF |U  (in V), then we will be done. For such a fixed
k n, = 1/k n,
k >n, we have F, (U ) c I \U_, for some j > i. We can then use a

-1 1/k n, nj
finite induction to conclude that fIF1 (Un ) N (Un ) (in V).

Hence foF, |Un ~ £ oF, lUn (in V) g_fk]Un (in V), and we are done.

/x i /w1 i



"

5. Relative fundamental sequences. We will need to define a relative

notion of a fundamental sequence. Let A and B be subsets of a space

X, Then a relative fundamental seguence f from A to B in X consists of

an open set G containing A and a sequence {fk}:=1 of continuous

functions, fk: G - X, such that the following properties are satisfied.

(1) £

k:v_id

o for all k > 1,

(2) for each open neighborhood V of B there exists an open neighborhood

> 0 such that if k, 1 > n_ are

Uc G of A and an integer n 1

1
integers, then fk|U ﬁ,fllU (in V).

If X = I and f= {fk,A,B} is a fundamental sequence, then it is clear

that {fk,A,B,G} is a relative fundamental sequence, for each open

neighborhood G of A. If A, B, C are subsets of X and {fk,A,B,G},

{gk,B,C,H} are relative fundamental sequences, then there exists

an integer n, > 0 and an open set G' satisfying A < G' ¢ G such that

(oo}

k=n1

1

{gkofk|G',A,C,G'} is a relative fundamental sequence. We will

agree to identify relative fundamentalsequences{fk,A,B,G} and
{gk,A,B,H} provided that there exists an open neighborhood G' < G N H
of A such that kaG' = gk[G', for all but finitely many values of k.
Thus composition is well defined.

If £ = {fk,A,B,G} and g = {gk,A,B,H} are relative fundamental sequences
then we write £ v g 1iff for each open neighborhood V of B there exists
an open neighborhood U ¢ G 1 H of A 'and an integer n, > 0 such that
fk|U g.gklU (in V), for all integers k > n,. In analogy with [5] we

say that A relatively fundamentally dominates B (in X) iff there exist

relative fundamental sequences f = {fk,A,B,G} and g = {gk,B,A,H} such
that gég_g_gB, i.e. for each open neighborhood V of B there exists

an open neighborhood U c VN H of B and an integer n, > 0 such that

k > n, implies that U 1s 1n the domaln of fk ° g and fkogklU 2.1dU

(in V). In like manner we can also define what is meant by relative

fundamental equivalence.

We now establish a result which plays a key role in the inductive step

in the proof of Theorem 2. We do it in two steps.
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Lemma 5.1. Let X be a Q-manifold and let A, B be compact Z-sets in X

such that A relatively fundamentally dominates B in X. If W is an open

subset of X containing B, then there exists an embedding @#: A > W

such that ¢(A) is a Z-set, ¢ v id,, and @(A) relatively fundamentally

dominates B in W.

Proof. Choose relative fundamental sequences f = {fk,A,B,G} and

g = {gk,B,A,H} such that £?5.2.15° Choose an integer n, > 0 and an

open set U such that A c U< G, £, (U) = HN W, and fklU £ 1U (in HOW),
U x [0,1).

for all k, 1 > n

e

1 Using Lemma 3.7 we may assume that U

Now apply Lemma 3.6 to get an open embedding &: U -+ W such that

) ~ T |U (in W). We can find an open neighborhood V ¢ HN W of B and
1
an integer n, > n

5 , such that gk(V) < U, for all k > n,, gklv g_gllv

(in U), for all k, 1 > n,, and fkogklv v idy (in HN W), for all

k> n,. Nowlet ¢ =0|a, 6" = o), H =V, £] = £ o 5", and
g = 0o gklv, for all k > n,.
To see that f' = {fi, ¢(A),B,G'} is a relative fundamental seguence
in W first note that for each k i_nz we have fi = fk°¢_1 g_fn °¢_1
1
1

(in W) v ¢ 0o ¢  (in W) = id Now let V' c W be an open neighborhood

G'’
of B and choose an open neighborhood U' ¢ U of A and an integer

. Then

n_, > n, such that fk|U' 2_fi|U' (in V'), for all k, 1 > ng

3—"2

o(U') is an open set in W containing ¢(A) such that
£rle(Ur) ~ £1]e(U") (in V'), for all k, 1 2 0
To see that g' = {gﬁ,B,¢(A),H'} is a relative fundamental sequence
in Wwe have g/ = ¢ ° (g |V) ~ £ o (g, |V) (in W) » idy (in W),

for all k > n_. Now let U' be an open set in W containing ¢(A) and

o
choose an integer n

that gk(V') c <1>’1

> n_ and an open set V' < V containing B such

(U:'))(\ @%U)), for ell k > nj, and gk|V' _’y_gl[V'
(in <1>"1(U' N &(U))), for all k, 1 > o Then it follows that

g V' »gl|V' (inU'), for all k, 1 > ng.

To see that f'eg' » i, choose an open neighborhood V' c W of B.
Now choose an open neighborhood V'' ¢ V' V of B and an integer
n, > n, such that fkogkIV" v idy,y, (in V'), for all k > ng. Then

it easily follows that fiogilV" v idg,, (in V'), for all k 2 ng
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Thus ¢(A) relatively fundamentally dominates B in W. Finally we note
that ¢ = ¢|A fn1 |A ~ ig,.

Using a similar argument we can establish the following result.

Lemma 5.2. Let X be a Q-manifold and let A, B be compact Z-sets in X

such that A and B are relatively fundamentally equivalent in X. If W

1s an open subset of X containing B, then there exists an embedding

¢: A > W such that ¢(A) is a Z-set, ¢ id,, and ¢(A) is relatively
fundamentally equivalent to B (in W).




h

. no_® (=)
6. Proof of Theorem 2. We note that if IT\X = T \Y, then I \X has

the same weak proper homotopy type as Im\Y, and we can thus use Theorem 1
to conclude that Sh(X) = Sh(Y).
On the other hand assume that Sh(X) = Sh(Y), where X and Y are compacta
(e o]
and {Vi}i=1 if

in s. We will inductively construct sequences {Ui}i=1

open subsets of I and a sequence {h } of homeomorphisms of I

=1
onto itself such that the following properties are satisfied.

(1) x=N7_ U aavu, , cv,, forall i >0,

(2) Y =N7_, V. and v, , < V., for all i >0,

(3) hos - °h1(X) <V, for all i > 0,

_1°
(L) hjlf"’\vi = id, for all j > 2i-1,

(5) hys® e °h1(Ui) > Y, for all i > O,

(6) hjll“’\hgio cvo on (Uy) = id, for all § > 2i.

Before proceeding with the construction of these sequences we will

show how to use them to construct our desired homeomorphism of

Iw\X onto I \Y.

For each x ¢ I \X we have x % U , for some 1 > 0. Thus h2 v °h1(x) ¢
h..° ... oh (U.) and we therefore have h.o ... °h_(x) =h ... ©°h (x),
21 11 J 1 21
for all j > 2i. This means that h(x) = lim h.o ... ( ) is deflned
>0

for all x € I \X. It follows from (5) above that h(x) e I \Y. Thus

we have defined a function from I \X into Iw\Y, and the verification
that it is indeed an onto homeomorphism is routine.

We now turn to the construction of the necessary sequences. We start by

choosing {Ui}:=1 and {Vi'}z___1 to be decreasing sequences of open subsets
o n © -] .
of T such that X =(17_ Ul ana ¥ =) oy V1. We will comstruct

1=1
(o] (o] (o]
1
{Ui}i and {Vi}i=1 as subsequences of {Ui}.

1 b 3
;=1 end {Vi}i=1’ respectively.

=1
Por the first step choose V1 = V% and use Lemma 5.2 to get an embedding

¢,: X >V, such that ¢1(X) is a Z-set, ¢, lidx, and ¢1(x) is relatively
fundamentally equivalent to Y (in V1). Then extend 9, to a homeomorphism

o0 (o]
h1: I ->1.
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For the second step choose an integer i, > 0 large enough so that

1
-1

Ui < h, (V1) and put U, = Ui . Once more using Lemma 5.2 let

A 1

9, Y > h1(U1) be an embedding so that ¢, v 1d, (in V1), ¢2(Y) is a

Z-set, and ¢2(Y) is relatively fundamentally equivalent to hﬁ(X) in h1(U1)-

. . . Y
Since ¢2 ﬁ-ldY in V1 we can extend ¢2 to a homeomorphlsm ¢2: V1 > V1

which in turn can be extended to a homeomorphism $é: I” > I which

C e N o . . . . .
satisfies ¢é]I \V1 = 1d. The construction of $2 requires an application

of Lemma 3.5, where $2 is limited by an open cover of V1 which is
normal with respect to Iw\V1. Then we put h, = (gé)_1 for the second

step of our construction. As this is essentially the inductive step

we are done.
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7. Proof of Theorem 3. Recall that an object in S is a FAR provided

that it is the intersection of a decreasing sequence of AR's [6]. We
use this to show that if X is a compactum in s satisfying

Sh(X) = Sh({point}), then X is a FAR. Using Theorem 2 there is a
homeomorphism h: Iw\w+ > T\X. Then I \X = h[L}§=1([—1, 1~%] X H:=2 ;

We note that each h({1~%} x H:=2 Ii) is a bicollared copy of I* in
)

0o © 1 © T
I \X. Thus I \h({1—€% x Hi=2 I.) = AilJ Bi’ where Ai and Bi are disjoint

i

e

C1(B.)

1 ©
sets such that CL(A.) N CL(B.) = h({1-=} x I._
1 1 1= 1

i 2

. 1
Choose notation so that Cl(Ai) = n(l-1, 1_I] x H?=
have X =) :

=1
1s a FAR.

I.) and C1(A.)
i i

I.) and thus we
2 1

Cl(Bi), a decreasing sequence of HIlbert cubes. Thus X

For the other implication assume that X is a FAR in S. Since we are

. . +
interested only 1in Iw\X we can assume, by use of Lemma 3.5, that X « W .

I.)].

x

. . o _ + © .
We will construct a homeomorphism of I \W onto I \X. Choose a decreasing

sequence {Vi}oio=1 of open subsets of I° such that X = N :_1 Vi and let

+ X +
= {fk,w ,X} be a fundamental retraction of W onto X. Then there

+ .
> 0 such that fn (W) e V.. Using Lemma 3.3 there
1
. . + .
exists an embedding g W >V such that g ]X = 1d and g (W+)
n, 1 n, n,
is a Z-set. Then let hn : I° > I be an extension of gn to a homeo-
1 1
morphism such that hn |W™ = id. Since h;1 (Im\V1) is a compact set
1 1

. + . -

missing W there exists €1 0 <e, <1, such that hn1(Iw\V1) c

[—1,61] < T _ !

exists an integer n,

1
(> (o)
I, s hence I \V1 S hn1([—1,e1] x T, Ii). Now

) Hoo . (=]
v, n hn1([e1,1] < I, Ii) is an open subset of hn1([e1,1] x T, Ii)

2

containing X and we can use an argument similar to that above to produce

I.)

. Y
an e, (1+e])/2 < e, < 1, and a homeomorphism hn : hn ([61,1] X H:=2

2 1
o . N -
11 % 15_, I st .
+h ([61, ] x H1=2 Il) which satisfies hn |(hn ({61} X Hi=2 Ii)\)X) i

1 2 M
o Y co Y]
and h 1 Im. I.
n1([e1, Ix I, L)N\NV, hn2° hn1([€1,€2] x I._, I.). Then hn2
extends toh :h  (I)+ I sothath |n ([-1,e.] x T, . I.) = id.
n, n, n, n, 1 1=2 "1

As this essentially the inductive step we can define a homeomorphism

a

0

I.

o <+ e . . <3}
hi TAW > I\X by putting h(x) = limh_ o ... oh_ (x) for all x ¢ I W

The details are routine. e 1 L
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Corollary ([10]). If X is a FAR, then X is the intersection of a

decreasing sequence of Hilbert cubes.

Proof. Assume X < s and then note that the assertion follows the first

half of the proof of Theorem 3.
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